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1 Tuesday, September 19

1.1

1.2

Welcome / Introduction

Patrick Wu. E-mail: pywu@umich.edu. Office: Haven Hall 6564.

This course will primarily rely on Iain’s in-class notes. The optional textbooks are on the syl-
labus. You can use them for alternative explanations (sometimes it takes another explanation
to fully understand something!).

I will post section notes right after section. This should not be a reason why you do not
attend section.

If you need to miss section for a legitimate reason, e-mail me. It is important to note that
Tain’s policies described in the syllabus applies to both section and lectures.

Discrete versus Continuous Random Variables

The material in this section is taken from http://mathinsight.org/probability_density_
function_idea.

From above, it seems like we can more generally classify sample spaces into two types ac-
cording to the number of elements they contain. Sample spaces can be either countable or
uncountable.

If the elements of a sample space can be put into a 1-1 correspondence with a subset of
integers, the sample space is countable; otherwise, it is uncountable.

People usually get the difference in the countable versus uncountable case. But people get very
confused when it comes to the difference between discrete random variables and continuous
random variables.

Remember, the probability mass function (PMF) of a discrete variable X gives the prob-
ability that X is equal to a particular value xz. This is notated fx(z) = P(X = z). Easy
enough to understand. Similarly, the cumulative density function (CDF) of a discrete vari-
able X gives the probability that X is less than or equal to a particular value z. It is notated
Fx(x) = P(X < z).


http://mathinsight.org/probability_density_function_idea
http://mathinsight.org/probability_density_function_idea

But now let’s say that random variable X is a continuous random variable. If we try to
solve P(X = z), what does this equal? P(X = x) = 0. Thus, we can see that in the case
of continuous random variables, fx(x) # P(X = z). This is why there is no such thing as
a probability mass function when it comes to continuous random variables; rather, fx(x) is
known as the probability density function (PDF).

Let’s say that I am thinking of a number (let’s call it X') between 0 and 10 (inclusive). If I do
not tell you what rule I am using to pick the number, you would probably just assume that
the probability that X =i is 1/11 for any integer i from 0 to 10. We formally write this as

1
Pr(X =1i)= 1 fori=0,1,2,..,10

Now, implicit in this assumption is that the probability that X is any other number is 0.
That is, you’re assuming that I won’t pick 5.5. This implicit assumption is formalized as

Pr(X =z) =0 if x is not one of {0,1,2,...,10}

Now, what if I am thinking of a number X between 0 and 1 (inclusive)? You may be assuming
again that I just mean 0 and 1 so the probability of either option is 1/2. Or, you might guess
that I had more than two options in mind. Maybe I was thinking of 1/2, 3/4, 7/8, etc. The
possibilities are endless. I could even be thinking of some wacky irrational number, like 1/4/7.
Thus, there are an infinite number of possibilities.

So the probability is the same for every possible number between 0 and 1, inclusive. Let’s call
this constant probability c. We need all the probabilities across all possible numbers to add
up to 1. But there are also an infinite number of possibilities. So what could the individual
probability ¢ be? If ¢ were any finite number greater than 0, then adding across an infinite
number of possibilities means that the probability also goes off to infinity. This means that
¢ must be infinitesimally small, i.e., that ¢ = 0. Thus, we formally define, when X is any
possible number between 0 and 1 inclusive, the following probability rule:

Pr(X = z) = 0 for any real number x

But this also still doesn’t make sense! How can every probability for each possibility be 0 but
the total probability is 17

This is where the idea of probability density comes in. Rather than thinking of the probability
that X is equal to an exact specific number, we should think about the probability that X is
close to a single number.

This is formally calculated using the probability density function. If the probability density
around a point x is large, this means that the random variable X is likely to be close to x.
If, on the other hand, fx(x) = 0 in some interval, then X won’t be in that interval.

Thus, in order to determine the probability that X is in any subset A of the real numbers,
we simply add up the values of fx(z) in the subset. By “add up” we are talking about
integration. The probability that X is in A is precisely:
Pr(XeA)= / fx(x)dx
A
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e So if I is the interval I = [a,b] with a < b, then the probability that a < X < b is
b
Przel) = / fx(x)dx

1.3 Bivariate Distribution Examples
1.3.1 Example 1: A Bivariate Density Function
This example is taken from John A. Rice’s Mathematical Statistics and Data Analysis (2005).

Let us consider the bivariate density function

with the conditions

Graphically, it looks like this:

What is P(X > Y)? This can be found by integrating f over the set {(z,y)|0 <y <z <1}:

12 1 x
P(X>Y)="* / / (2% + zy)dydx
7 0 JO

2 M 5, 1,
== ; yx +§y:c

dx
y=0




What is the marginal density of X? Remember, in the bivariate case, fx(x)

1
fx(x) = 172/0 (m2 + zy)dy

1 1

2 1

= [yx2+2acy2]
12, , =

—7(35 +§)

y=0

What is the marginal density of Y7 Similarly,

1
)= = [ @+ e

12 71 1 !
2ol

7137 2 -
12,1 y
=73ty

1.3.2 Example 2: Another Bivariate Density Function

Fy(z) = [23 fla,y)dy.

You are given the following joint probability density function for X and Y: fxy(z,y) = 12zy.
Both these random variables can take on any value between 0 and 1, but it must be the case that

22 4+ y < 1. In other words, » < /T —y (or that y < 1 — 22).

The joint probability density function looks like this:

Let’s do the following:

1. show that this is a valid probability density function

2. find the marginal density of X and the marginal density of ¥ and then find E[X]

3. determine whether X is independent of Y

4. find the conditional distribution fxy(z|y) and find E[X]|Y]

5. confirm that the law of iterated expectation, E[E[X|Y]] = E[X]

6. find the covariance of X and Y



1. First, we confirm that this is a valid probability density function. We know that, from the
above, that 0 < x < /1 —y < 1. We can also rephrase thisas 0 <y <1 — x? < 1.

oo foo 1,1y
/ / fX7y(a;,y)da:dy:// 12zydxdy
oo J oo o Jo
1

vi-y
= / 622y dy
0 =0
(55|
2 3/ ly=o

=1

2. Now let’s find the marginal density of X and the marginal density of Y. Remember, we know
from the above that 0 < x < /1 —y < 1. We can also rephrase thisas 0 <y <1 — x? < 1. We

can then use the marginal distribution of X to determine E[X]. For the latter, it will be helpful for

ustoknowthat%—%—i—%:%.

=0

= 6z(1 — 222 + %)
= 6(x — 22° 4 2°)

1—y
fr(y) = /0 12zydx

1—y

= 6x2y

=0

=6(y —y°)

So this means that we can use the above to find E[X].

! 5225 27 1 2 1. 48 16
EX]= | a6(z—-20%+2%)de=6(% -2 4+ L -4 0)=— =2
X /Ox(x v e)de =6(5 = 4 =003~ 5 2) = 955 T 35
3. Can we determine if X is independent of Y7 Yes, we can. We find that X is not independent
of Y. Why?
Fx (@) fy(y) = 6(x — 2% + 2°)6(y —y°) # 122y = fx vy (x,y)
4. Now let’s find the conditional distribution fx|y (z|y). Note that conditional on some particular
Y =y, x can only fall in the range (0,/1 —y).

 fxy(xy) o 12zy 2z
Fxpy (zly) = ) 6 1oy

Thus, we can use this to solve E[X|Y]:




VI=y g 2 2 V7Y 21—y 2
E[X|Y]:/ 222 gg=2 7 _ 2=yt 2 g
0 1—y 31 —yl,—0 3 1—y 3

5. Now we find E[E[X|Y]] and we can show that it equals E[X]. Note that we have already found
E[X]Y] and the “outer expectation” in E[E[X|Y]] is taken over potential values of Y. We already
know the marginal density of Y. You will need to use integration by parts to solve this integral!
Remember, integration by parts is as follows: [ f¢'dz = fg— [ f'gdx.

BIELY) = [ EXIYIv(0)dy
1
= /D ;x/l — y6(y — y*)dy
1
=/ ay(1—y)>dy

0

Njot

Now let f =4y and ¢’ = (1 — y)% This means that g = —%(1 —y)2. Thus,

8 5 g

——su-wi| + [ Sa-y)tay
0 0
16 7 1
—_ _71_ 5
o+ |- |

16
- 35

6. A little fairy tells me that E[Y] = 1. Let’s find the covariance of X and Y. We know that
Cov(X,Y) = E[XY] — E[X]E[Y]. So that means, finding E[XY],

1 pl—a?
E[XY] :/ / xy12zydydx
0o Jo

1 1—x
= / 4x2y3
0

1
= / 47%(1 — 32 + 32" — 2%)dx
0
1 3 3 1
=G5ty
And by the magical properties of the math fairy...

y=0

64
315
So that means the covariance is:
64 161 8
X, Y)=FEXY|-FX|ElY]=—— ——=———



2 Tuesday, September 26

2.1 Some Consistent Mistakes in the Problem Set

e When you write out the R code, please also include the output. Having the code itself is not
very useful.

e Be sure to note the difference between proving general statements (such as showing that
the binomial distribution sums to unity with any parameters) and showing that specific
statements, where the parameters are given, produce an expected result.

e When a problem has assumptions (such as A > t), be sure to explicitly state the assumptions
and also tell us why the assumption has to be made. This includes showing why when the
assumption is not made, everything goes to hell. For instance, on the fourth problem of this
problem set, we had to assume that A > ¢t. If we let A = ¢, then the denominator would
equal 0; if A < t, the integral would be undefined. You should explicitly state why these
assumptions have to be made.

2.2 Optional Problem on Problem Set 1

This is one of my favorite optional problems that Iain gives. It puts their understanding of distri-
butions, conditional expectations, etc. to the test. Premise of the problem. T'wo actors 1 and 2 are
bidding on an object which they both value at 6. Each gets a signal s; of the value of the object
before they bid such that s; = 6 + n; where n; ~ Unif(—a,a). When we refer generically to one
actor as ¢ the other will be referred to as j. After receiving their signal, each actor privately makes
a bid for the good, b;. The highest bidder earns utility u; = 6 — b; and the lowest bidder earns
utility u; = 0. Suppose that both actors decide to bid their signal, i.e. b; = s;. We will prove that

their expected loss is §.

i.
Explain why the winner of the auction earns utility u; = —n; with this bidding strategy. Therefore,
ui:G—bZ-:0—32-:9—(0+77¢):—77i.

ii.
Find the distribution function of n; (i.e. find F;,) and then use this to find Pr(n; > ;) in terms

of n;. The PDF of the uniform distribution (use Wikipedial) is ﬁ for a support of [a,b]. Since
1

our support is [—a, al, this means that our PDF is — oy = % Thus, using this it is easy to find
our PDF:

* T 1

1 T

Fy,(z) = 9 Jn,; (x)dx = /a %d:c = %

2a+2

So we can use this expression and find Pr(n; > n;). Notice that we are looking at the distribution
of n;, NOT ;. So we can treat 7; as a constant in this case. So this means that:

N

1
Pr(ng >mn) =1—F,(n;) = 3 %
iii.

Now let’s find the expected earnings of ¢ conditional on 7; when i uses the bidding strategy described
above. That is, find E[u;|n;]. To get started on this, we will look at the utility payoffs when ¢ wins

the auction and when ¢ loses the auction. In other words, we are interested in learning about



the expected utility of ¢ when he bids 7;. The utility u; for the outcome that ¢ wins the auction
is Pr(n; < m;) (that is, j bids lower than ¢). This happens with probability 1 — Pr(n; > n;) =
1— % + ;77; = % + g—; with utility —n;. Now, the probability that i loses the auction is what we found
in the previous part. This is just P(n; > n;) = % — o with utility 0 (since ¢ does not get anything).
Thus,

L n
Eluilni] = —ni(1 — Pr(nj > ) + O(Pr(nj > ;) = —n;i (2 4 2a>

iv.
Now we can use the law of total expectations to find E[E[u;|n;]] = E[u;]. We can think of a LOTUS
integral where E[u;|n;] is a function of the random variable ;.

= - 7a77i §+% fni (ni)dn;
@ 1 ;i 1
- _ R T (O R
/_am <2+ 2a> 2"
a
+

2.3 Directional Derivatives

Let’s do an example of a directional derivative and expand directional derivatives a little bit.

2.3.1 Example of a Directional Derivative

Find Dyf(z,y, 2), where f(z,y, z) = 222+ 332? — 2yz and ¥ =< —1,0,3 >. Note that here we are
concerned about the displacement vector ¥; ¥ is NOT a point (which is why ¢ is described in the
straight brackets). That is, we want to move in the direction given by this specific vector .

So we first solve for Df:
_|of of of
pf=[# & ¥
= [2:L"z —yz 3y?2? —zxz 2?4232 — :By]

ol

v _/__1 o 3 LU it i !
Now we solve for ol < NTL 0, \/E>' Now solve for D f ik Remember it is a dot product!

1
Df B ——(2$z—yz)+0(3y2z2—$z)+i($2+2y3z—xy) =

[l Vo V10

2.3.2 Expanding Directional Derivatives

(32% 463> 2—3xy—2x2+y2)

o

So we know that Dyf(z,y,2) = fo(z,y,2)a+ fy(z,y,2)b+ f.x,y,2¢c =< fa, fy, f- > - < a,b,c >
where f, is the first partial derivative of f with respect to x (and analogously defined to the other
letters) and < a,b,c > is the direction of the derivative (assumed to be a unit vector—we can
always standardized via norm if it’s not!). Let’s define the gradient of f as follows:

Vf =< fxafyafz >



This simplifies our notation to the follow:
Dyf=Vf-v
One very cool theorem that comes out of this is the following.

Theorem: The maximum value of Dzf (and hence then the maximum rate of change of the func-
tion f(Z)) is given by ||V f(Z)|| and will occur in the direction given by V f(Z).

So let’s look at a final, quick example.

2.3.3 Maximum Directional Derivative Example

Let’s suppose that we model average income, in hundreds of dollars, in a neighborhood as follows:
z = 1000 — 0.01z2 — 0.02y%, where z is the number of non-violent crimes that occur and y is the
number of violent crimes that occur in a year within this neighborhood. Suppose that we currently
have 60 incidents of non-violent crimes this year and 100 incidents of violent crimes this year. We
can ask boring questions like how much non-violent crime should we decrease by or how much
violent crime should we decrease by, but I want to know in what direction for both non-violent
and violent crimes. In other words, in what direction should we move along our model to greatest
increase the average income?

1000.00
939.99
989.58
EEERE
899 85

So first, we find the gradient vector.
V(&) =< fo, fy >=< —0.02z, —0.04y >
The maximum rate of change of average income levels will then occur in the direction of
Vf(60,100) =< —1.2, -4 >

Thus, the maximum rate of change of average income levels at this point will be

|V £(60,100) = \/(—1.2)2 + (4)2 = V17.44 = 4.176

And so we know we are climbing this hill, so to speak, because we are at point (60,100) and the
direction is given by the vector < —1.2,—4 >. So we know we are increasing income (because we
are climbing the hill). Thus, if we move in the direction of < —1.2, —4 >, our instantaneous rate of
change in average income is 4.176, which is the maximum increase in average income that we can
get given that we started at (60, 100).



3 Tuesday, October 4

3.1 Example of Taylor Series Application: Brownian Motion

Why am I teaching you Brownian motion? Brownian motion is used by certain political scien-
tists at the very forefront of what is known as social physics. They’re using Brownian motion to
model decisionmaking in the face of uncertainty, extended to a wide range of actors. You can go
to Wikipedia to find an example of Brownian motion.

Let’s just assume that we are given this:
oo
fatrn = [ fo-eno(ee
— 0o

That is, we are interested in finding the probability that a particle is at position x after 7 time. Our
initial starting position is « — €. Let ¢ be some arbitrary probability density function symmetrical
around 0 with mean 0. Let this be the PDF of random variable Z. How the hell do we solve this?
We don’t even know the functional form. Thankfully, we have Taylor approximations to save us.
We know that, if we let x1 =t + 7 and zg = t,

Of (z,t)
ot

flxt+71)~ f(z,t)+ (t+7—1) + ...

Andifwelet z1 =2z —ecand 20 =z

of (z,t) 1 2 0% f(x,t)
ox 2! T

So plugging them into our given equation, we get:

flx—et) = f(z,t)+ (v —€e—x)

x o x e 0% f(x
f(w,t—i—T)%f(sc,t)—i—Taf(at’t) :/ [f(ar,t)—eaféx’t) zag(xz’t)—k .| o(€)de
Now distributing out the gb(e),
2 62
flx,t) + / f(z — 6féi t)qb(e) + 2%@5(6) + ...de

Now distributing out the integral,

fat) 41 8f(x t) _

19 >
5 ‘2532 )/0062¢>(6)d6

Now, notice that the first term’s integral just integrates to 1. It is the integral of a PDF over its
entire support. Notice that in the second integral, we have the definition of the expected value of Z.
In our assumptions, we assumed that ¢ had a mean of 0 so that means this integral is just 0. Now,
the very last term’s integral is just the variance of Z—mnotice that this integral is just E[(e — 0)2].
And now look on the left hand side. We can now cancel out the f(x,t). So we're left with:

of(@,t) 102 (at
ot T 27 oa2

)Var(Z )
Which can be further simplified to

Of(x,t) 18 f(x,
ot 21 022

)VCLT(Z)
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Lastly, we can plug this back into

fle,t+7)~ flxe,t) + (t+7—t)——=

To get ) ,
%73 *’;S; Dar(2)) = fla.1) + 2 LTED
So the likelihood that the particle is at position z at time ¢t + 7 compared to other possible points
is given by the likelihood that the point is at point x at our initial time ¢ plus some behavioral
changes of the particle given a change in the position x, multiplied by the variance of Z (which is
where we draw our initial starting point from). So without even knowing the functional form of f,
using some Taylor approximations we were able to do some really cool stuff.

flzt+71) =~ f(x,t) + 7(

3.2 Linear Algebra, Part 1

I love linear algebra. For my own research, linear algebra is everything. In fact, we can think
of ordinary least squares as an exercise in linear algebra. You can derive most properties of OLS
without any statistical knowledge. I’'m also a visual person. So I'll be teaching an alternative, more
visually-focused version of linear algebra that’ll complement what Iain is doing nicely. T’ll also try
to relate linear algebra to statistical concepts.

3.2.1 Why Vectors and Not Points?

I 1II
a 1 3
b 3 2
c -2 -1
d 2 -2

Let’s say we have a dataset. We will show these as vectors rather than points. Why? We can move
them in ways that follow mathematical operations. We can shift them around, in essence, because
vectors have an end point (the terminal point) that is tied to a relative position (the origin). Vectors
allow us to shift the data points around in a space; point geometry does not.

3.2.2 Vector Addition

Shifting one vector along another until at the other’s terminal point. If a = [al ag] and b =
[bl bg] then a +b = [al +b1 a9+ bg].

3.2.3 Vector Subtraction

Shifting a reflected vector, since a — b = a + (—1b). Using the previous example, a — b =
[al — bl ag — bg] .

3.2.4 Scalar Multiplication

Changes vector by a factor of k. So the new vector is k times longer than the original vector. A
negative constant points it the other direction (opposite quadrant). Scalar multiplication means,
theoretically, we could reach any collinear line created by the vector. We just need to pick a proper
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value of k. This is called generating a subspace of that vector. Note that a subspace is NOT the
subset.

3.2.5 Vector Subspace, Linear Independence, and Linear Dependence

Remember that we can generate a subspace of a vector because we can reach any point along the
collinear line of a vector. When we add two vectors together, we get a two-dimensional subspace.
This is a linear combination of two vectors. Linear independence is when the only solution for
ai1a + asb = 0, where a1 and ao are constants, are for both the constants to be equal to 0. If this
is not true, then the vectors are linearly dependent. Notice that if we add a third vector in the
two-dimensional space, then this third vector will be linear dependent—we can use some scalar of
the two vectors and add them together to get the third vector. We’ll explore this idea of linear
independence and dependence more later on.

3.2.6 Scalar Product and Vector Length

Also known as a dot product. a - b is the sum of products of corresponding elements. If a has
m-elements and b has m-elements, then a - b = Z;rbzl a;bj. You can take dot products of a vector
with itself: X - X = X2 = Yoy =0t 333 Notice that this is just its length squared.

We calculate vector length using the norm vector, || X||. Now let’s say we take a vector’s mean, X,
and subtract it from each of the vector’s elements. So we get X = [xl - X2—T ... Tp— a’c]
Now take the dot product of X with itself: X - X = [(z1 — Z)? + (22 — 2)> + ... + (z, — 2)?] =
S (w —2)% = || X|]2. If we multiply this by —L__ this is the variance of X! Thus, the length of
X is proportional to the variance of X.

The scalar product of two vectors is X - Y = || X||||Y]|cos(6xy) where Oxy is the angle between
two vectors. Now let’s say that X and Y are two data vectors (say, two variables) that have been

centralized. That is, every data point of X has had its mean X subtracted from it and every day
point of Y has had its mean Y subtracted from it. From the last part, we know that

XYY = 4| D (i —2)2, | D (yi — )
i=1 i=1
and .
XY = (x; — 2)(yi — 9)
=1

So using our equation X - Y = || X||||Y||cos(0xy) we notice that

_ Xy > i1 (@i — @) (yi — 9)
cos(Oxy) = = — — — —
XM /57 (i = 22 (i — 9)

Notice that the numerator is the covariance of X and Y, and the denominator is the standard devi-

ations of X and Y (the n’s are not shown here, but they all cancel out). So that means if X and Y

are two centralized data vectors, the cosine of the angle between the two vectors is the correlation!

This makes sense—cos(0) = 1, cos(90) = 0, and cos(180) = —1. This is why orthogonal vectors
are 90 degrees apart.
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Geometrically, the dot product is fundamentally a projection. We’ll talk about projections later,
but geometrically, it just means taking the terminal point and drawing down at a 90 degree angle
down to the space you want to project in. As shown in the figure, we can see how a dot product
works geometrically. This is why we take the dot product in directional derivatives: we project the
derivative onto the displacement vector, which is pointing in the direction we are interested in!

3.2.7 A Geometrical View of Gauss-Jordan Elimination

Gauss-Jordan elimination can be summarized as swap, scale, and pivot. But what exactly, intu-
itively, is happening when you do the row operations? Swap and scale do not change the graphs.
Swapping does not change the graph because it is just reordering the equations. Scaling does not
change the graph because if you have 2z — y = 2, this is the same as 4x — 2y = 4. But pivoting
does change the graph. Let’s take a visual example of what exactly Gauss-Jordan elimination is
doing.

Let’s say we have equations 2x —y = 1 and x — 2y = —4. In matrix and graphical form, it looks
like the following.

2 —-1| 1

1 -2]|—4
Now let’s begin applying Gauss-Jordan elimination steps to solve for z and y. Note that I won’t
draw out visually what happens when I swap or scale; those do not change the shape of the graph.

2 =111 0.571 1 =05]|05 | ro—mr 1 =051 0.5
1 2|4 1 -2 | -4 0 —15|—-45

What does this do? It pivots the graph of © — 2y = —4 such that it is parallel to the x-axis.

13
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Now, we continue with the above:

1 —05]05 | ro/(—1.5) 1 —05]05 | 05ra+71 1 0]2
0 —-15| -3 0 1 3 0 1|3

Notice that we now have the augmented matrix in reduced row-echelon form. The graph looks as
follows:

So, geometrically, what Gauss-Jordan elimination is doing is a series of swaps, scales, and pivots.
Although the pivots do change how the graph looks, the solution always remains the same. And
notice that the reduced-row echelon form has 2 lines that are parallel to the two-axis. This general-
izes to any dimension. If we were to apply Gauss-Jordan elimination to 3 equations of 3 unknowns,
then the reduced row-echelon form would be 3 planes parallel to the x, y, and z axes.
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4 Tuesday, October 10

4.1 Deriving OLS of One and Two Explanatory Variables Using the Concepts
We’ve Learned So Far

We can derive the properties of OLS using all the concepts we’ve learned so far, along with the
idea of the projection. Let’s look at the case with a single variable. Let X be the data of the
explanatory variable (as a vector) and Y be the dependent variable (again, as a vector). Now,
assume like last week that X and Y have been centered—that is, all entries of X and Y have the
means of their vector subtracted from each entry. Now, let’s draw what this would look like. Now,
let’s draw the perpendicular projection from Y onto X (dotted line pointing up). Let’s call this
point §. Notice that e = Y — Y. Notice also that this is the shortest we can make the e vector.
Moving it around—that is, making the projection non-perpendicular—makes the e vector longer.
Thus, the projection minimizes the length of the vector e. So ¢ lies in the subspace of X. We can
get ¢ by multiplying X by a constant. Call this constant b. So, § = bX. Since e is perpendicular to
X, this means that e/ X = 0. You may have heard of the key assumption of linear regression being
that the errors and the X’s are independent—that is, the explanatory variables do not explain the
errors. This is where that assumption comes from. Thus, from this, we can find:

IX=-)TX=0
= (Y -bX)I'Xx =0
= YT -boxT)Xx =0
=YX —bxTXx =0
=vYTx =bpxTx

=b= Y'x
- XTX

> (wi —7)?

Notice that this is the OLS regression coefficient for simple linear regression (one explanatory vari-
able). We just derived the coefficient that minimizes the square distances between the data and
the regression line without any calculus!

This logic extends to regressions with multiple variables. With two explanatory variables, first
notice that the two explanatory variable creates a column space. This column space is created from
the fact that we can reach all the points inbetween X; and X5 using vector addition and scalar
multiplication. This is why, in linear regression, one of the assumption is the absence of extreme
collinearity—that is, we need the column space of X7 and X5 to be “sufficiently” big. That doesn’t
mean they can’t be correlated! Next, notice that we simply choose a linear combination of the two
explanatory variables, using constants b; and bg, to get the Y line that is created by the projection
of Y into the column space of X. So the same logic as the simple linear regression case applies. We
won’t get the nice values of the coefficients that we got with the simple regression case, but that’s
something we’ll cover in 699.

4.2 The Geometry of Matrix Determinants

One more thing I wanted to go over is the determinant. Lots of people don’t really understand
determinants intuitively. They just sort of do them without really thinking about it. I wanted to
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give some motivation to what is so cool about determinants.

First, some properties of determinants:
e det(A) gives the area or volume magnification factor for the linear transformation x — Ax
e A is invertible iff det(A) # 0
o det(AB) = det(A)det(B)

e the most efficient way of calculating det(A) is by row (or column) reducing A to triangular
form

Intuitively, the determinant of a matrix reflects how the linear transformation associated with the
matrix can scale or reflect objects. Let’s see how this works in practice. Let’s say that we consider
the unit square OIJK such that the coordinates representing the square are O = (0,0);1 =
(1,0); J = (1,1); K = (0,1). Now suppose we were to multiply these coordinates by the matrix

2 1
T pu—
This is a transformation matrix that will stretch and rotate this unit box in a specific way. So let’s

see how it stretches it:
U— 2 10 1.1 0/ (02 31
(3 4|0 01 1| |0 3 7 4

So the key aspect of this transformation has to do with the ratio of the area of the quadrilateral
to the area of the original unit square. The ratio of the two areas equals the determinant of the
transformation matriz T. That is, |T| = 8 — 3 = 5. This concept generalizes to matrices of order
3x3 and higher. In the 3x3 case, the determinant measures the ratio of volume between the original
and transformed figures. In the 4x4 case and higher-order cases, the determinant measures the
ratio of hypervolumes between original and transformed figures. Notice also why singular matrices
have 0 determinant. Let’s say we have the transformation matrix

2 1
v-[3 ]
Now, let’s do the same steps as before to the unit square:
U - 2 1{|10 1 1.0 (02 31
2 110 001 1] |0 2 3 1

Notice that the parallelogram collapses into a line, so it has 0 area. The ratio between the line
(area of 0) and the unit square (area of 1) is 0.

In general, the determinant of n vectors of length n will give the volume (or parallelepiped) deter-
mined by those vectors in n-th dimensional Euclidean space.

4.3 The Geometry of Cramer’s Rule

This section is largely taken from Wikipedia’s page on Cramer’s Rule.
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Cramer’s Rule is really weird, but it is useful because sometimes you can solve a system of equations
very quickly. It states that given a system of n linear equations and n unknowns, Az = b, where
the n x n matrix A has a nonzero determinant and the vector = (21, ..., z,)7 is the column vector
of variables. Then the system of equations has a unique solution, whose individual values for the
unknowns are given by
N det(Ai)
YT det(A)

where A; is the matrix formed by replacing the i-th column of A by the column vector b.

Why is this the case? Let’s look at the geometry of Cramer’s Rule. Let’s say we have a system of
equations:
a11z1 + ajpre = by

a21x1 + azwe = by

T + x9 =
ao1 a22 bo

Now, the area of the parallelogram determined by {an} and {am} is

We can rewrite this as

a21 a2
ai;p a2
a21 a2

Now, the area of x [ZH] and Bu} has to be x; times the area of the first parallelogram above.
21 22

Now, this parallelogram, by Cavalieri’s Principle, has the same area as the parallelogram determined

by [Zl] =4 [ZH} + x2 [au} and [am} But this means that
2 21

as? as?
br ai2|  |anir1 a2 _ gy |0 012
by a2 2171 a2 az1 a2
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5 Tuesday, October 24

5.1 Eigenvalues, Eigenvectors, and Definiteness

Definition: Let A be an n X n matrix. The number A is an eigenvalue of A if there exists a
non-zero vector v such that Av = Av. In this case, v is called an eigenvector. We notice that
Av — X v = (A —IX)v =0. In order to prevent getting the trivial solution v = 0 (that is, if A — I\
is non-singular, the only solution is v = 0), we solve det(A — I\) = 0 in order to get the eigenvalues
and their corresponding eigenvectors.

Eigenvalues and eigenvectors are used everywhere. They were used in some of the original face
recognition software (Eigenfaces): classification was achieved by comparing the low-dimensional
face pictures to a basis set. It is also used in principal components analysis, which lain briefly
discussed in class. Music visualizers also use eigenvalues and eigenvectors from the music in order
to show the principal components of the music (it is a principal components analysis on the music).

Eigenvalues are also super useful for just about everything. Properties of eigenvalues include
o det(A) = H?:l Ai
o tr(A) = Y0, A

e The eigenvalues of A~! are )\i_l (this is really useful for finding the determinant of an inverse
matrix!)

e The eigenvalues of A™ are A}
e The eigenvectors of A~! are the same as the eigenvectors of A
e If eigenvalues of A are distinct (not repeated), A can be eigendecomposed

Example: Let

Then that means that

a4 - 1)

2—-A —4
-1 —-1-2X

So solving the determinant,

det{A—\I] = 0 = det [ } = (2N (=1-N) = (=4)(=1) = A2=A=6 = (A=3)(\+2) = 0

So this implies that
AL =3, =2

So notice that because the eigenvalues are both negative and positive, this means that A is indefinite.
Let’s now find the corresponding eigenvector to A\; = 3.

2—3 —4 V1 . 0
-1  —1-3]|va| |O
So from this, we obtain the duplicate equations:

—V1 —4’02 =0
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—v1 —4vy =0

If we let v9 = t, notice that v; = —4t. So that means all eigenvectors of \; = 3 are multiples of
[_14] . Thus, the eigenspace corresponding to A\; = 3 is given by the span of [_1 } . That is,
—4
1
is a basis of the eigenspace corresponding to A; = 3.
Now we do the same thing for the second eigenvalue, Ay = —2. Repeating the process above, we
find that
47}1 - 47}2 =0
—v1+v2=0

Notice that if v; = t then vo = ¢ as well. Notice that we can’t find explicit values of v; and vy
because they are two equations that are simply linear combinations of one another. Thus, the

: . . 1 . : .
eigenspace corresponding to Ao = —2 is the subspace created by [ J . Notice that the eigenspace is

of dimension 1.

There’s a few things to notice. First, notice that Av = Av, which implies that what matrix A does
the eigenvector is that it stretches the eigenvector, but it doesn’t change its direction. Second,
eigenvectors are linearly independent. This is a good way to quickly check to see if your eigenvec-
tors make sense. This is an easy proof for the case of two eigenvectors.

Proof that Two Eigenvectors are Independent: Let Av; = A\jv;. Let Avg = Agvs. Assume
that A1 # A2. Now assume that the two eigenvectors are not zero vectors and that they are linear
dependent. That is, cv; = vg. Then Avy = Ayvg = chovy and Avy = Aciv; = cAvy = eAjv1. Hence
this means that ¢(A2 — A1) = 0 which implies that ¢ = 0 which implies that vo = 0 which is a
contradiction. Thus, they must be linearly independent.

Example: Let A be defined as:

3 01
A=11 1 0
1 0 3
Then, finding its eigenvalues, we have:
3—Xx 0 1
1A 0 [=E-nEp A 32)\‘+1(—1)1+3} 1?’
1 0 3-2A

=B-NI-NB-N)—(1-X
(3= =1)(1 =N

=(8—6A+A)(1—N\)
(
(

8 —6A+A%)(1— )
A—4HA=2)1-X) =0
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This means that
AM=4X 2 =2,A3=1

From these eigenvalues, we can tell that this is positive definite. Let’s use this find the eigenvectors.
Let’s start with A\ = 4.

-1 0 1 0 -1 0 10
(A—4H)vyy=0=1|1 -3 0 O|—=|1 -3 00
1 0 -1 0 0 0O 0 0
This means that
—x1+x23=0

x1—3x220

So that means if x; = ¢, then x9 = t/3 and z3 = t. One possible eigenvector is to let t = 3, so that

3
means vy = |1].
3
Now let’s look at A9 = 2. This means that
1 0 10 1 0 10
(A-=2)va=0= |1 -1 0 0| - |1 -1 0 O
1 0 10 0O 0 00
This means that
r1+x3=0
Tr1 — Ty = 0
1
So that means z1 = zo and 1 = —x3. If we let 1 = 1, then a possible eigenvector is vo = | 1 |.
-1

Lastly, let’s look at A3 = 3. This means that
2 010 0010
(A—Iv3=0= {1 0 0 0| - |1 0 0 O
10 2 0 1020

So this means that 1 = 0, 3 = 0, and z1 + 223 = 0. But notice that means that x5 can take on

0
any value. So a possible eigenvector is vg = |1].
0
Lastly, we can test for definiteness with leading principal minors. The third order principal minor
is:
3 01
1 1 0/=8
1 0 3
3 0
RS
3] =3

Therefore, the leading principal minors are all strictly positive meaning that this is positive definite,
as expected.
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6 Tuesday, October 31 (spooky!)

6.1 Some Clarifications...

A common mistake on the midterm: arguing that independence implies orthogonality. This is
not true! Example: [1 1 3] and [2 1 5] are linearly independent vectors. I can’t express one
in terms of the other by multiplying one of the vectors by some constant. So they are linearly
independent. But, [1 1 3] . [2 1 5] =2+ 14 15 = 18 so they are not orthogonal.

6.2 Elements of Real Analysis I

Real analysis is really cool. In my opinion, it is what gives mathematics and statistics its beauty.
Real analysis gives us the language to talk about the really weird things in math in really precise
ways. For instance, this notion that some infinities are bigger than other infinities. In the next few
sections, we’ll be talking about real analysis.

6.2.1 Cardinality of Sets

Cardinality is a measure of infinity. Georg Cantor was the guy who invented all of this. Cantor is
arguably one of the most important modern mathematicians. He invented set theory, established
the importance of one-to-one correspondence between the members of two sets, defined infinite and
well-ordered sets, and proved that real numbers are more numerous than the natural numbers. In
short, he found out that there is such thing as larger infinities. This has led to a lot of philosophical
interests as well. For those who like political theory, Alain Badiou uses set theory in his philosophy.
Real analysis has a lot of ties with analytic philosophy because it opens up a whole world of formal
logic.

Countability is defined as the ability to map the natural numbers to the element of the set. For
instance, the set {Apple, Oranges} is countable because we can map “Apple” to 1 and “Oranges”
to 2. This means that the cardinality of {1,2,3,...} is the same as the cardinality of {4, 5, 6}—that
is, they’re both countable. Uncountability means we cannot construct such a mapping.

Question: Are rational numbers countable? Are real numbers countable?

Answer: The rational numbers are countable. Can you prove that the rational numbers are count-
able? Let’s construct it together:

We first write out all the fractions with 1 as the numerator. Then, we write out all the fractions
with 2 as the numerator. Keep doing this, so we get:
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1 2 3 4 5 [ T ] L6
1 1 1 1 1 1 1 1
L o o e U 2 N 2 o
1 1‘1/*2_}3 -faﬁj 4 6 7 ]
) 2 & 2 2k 2 2 2 2
1 > 43 b 7 g
N 3% 3 3 & 3 3 & 3 3 3
1 __‘2 3 - 4 5 ] T B
. il’ L K4 1« ka4 4 4
1 2 .TS - 5 ] 7 2
N ¥ 57 5 5 5 5 5 3
1 2 3 -+ 4 k] ] T 2
; ALK s s & s 6
1 i ol 4 5 6 7 g
N 1¥ 17 1 1 1 1 1 1
ll( ,,1 3 4 5 ] 7 2
g &£ 78 8 8 8 3 3 3
1 2 3 4 5 6 T 1

Now snake along the path, and we can see that we will hit every number using this snaking pattern.
Thus, the rationals are countably infinite. We can also do this with the negative rationals, and find
that they’re also countably infinite. The union of two countably infinite sets are countably infinite.
But notice that if I give you any two rational numbers, I can always name a rational number in
between! So this has a curious property. Notice that we have a bijective mapping between rational
numbers and natural numbers: it is surjective because every element of the rational numbers map
onto some natural number, and it is injective because every rational number only gets one natural
number. So this is a great example of these concepts in action!

Now, are the real numbers countable? No, they are not. Real numbers have a different cardinality
from rational numbers—that is, the infinity of real numbers is larger than the infinity of rational
numbers. Let’s prove this! Let’s do this by contradiction. Suppose that the real interval [0, 1] were
a countable set. Therefore, we could write a small section of this hypothetical list as follows:

ﬂ.&l o g g4 dg...
0.b; bg bs by by ...
ey g cgey s, ..
0.dy dy dg dy ds. ..

o LD BO

Now here the numbers stretch off to infinity on the right as real numbers have infinite decimal
expansions. The letters a;, b;, ¢;, d; represent numbers between 0 and 9, so 0.ajagas... may be the
number 0.12321.... It is unimportant what the specific numbers are, only that we can write them
in such a list. Now, along the diagonal of this list the numbers that we have emboldened form a
number: it begins 0.a1bsc3dy.... With this we define a new number, called D, by adding 1 to each
digit with the convention that if a digit is 9 then adding 1 goes to 0. In this way we have the first
digit of D is a; + 1. So if the first number really did start 0.12321 then D would start 0.2, for
example. Now this number D is surely a real number, and moreover it certainly lies somewhere
between 0 and 1. So that means if the list really is complete, as we have claimed, then it should
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contain D. But this is where we hit a problem. The first digit of D is different from the first
number (indeed, a1 + 1 # aq); the second digit of D is different from the second number; the third
digit of D is different from the third number; and so on. You give me any number from this list,
and D will have a digit that is off from that number that you give me by construction. In this
way, we can see that D is different from every number on the list, so it can’t be on the list at all.
This contradiction shows that the real numbers are uncountably infinite. The infinity for the real
numbers is, in a sense, larger than the infinity for rational numbers. We can also say that the real
numbers are more dense than the rational numbers.

You might be asking—why is this useful?! It is important to know if you're dealing with countable or
uncountable sets when you measure data. The above is also why discrete functions and continuous
distributions are so different and have such different properties.

6.2.2 Limits

As Michael Spivak, the great author of the book Calculus, states, “The concept of the limit is
surely the most important, and probably the most difficult one in all of calculus.” When I learned
theoretical mathematics in my undergraduate class, we spent one entire quarter on limits. Lim-
its are what makes calculus possible. This is an incredibly shortened introduction to the logic of
delta-epsilon proofs. Do let me know if you would like to discuss this more! These are used a lot
in game theory.

An example: let’s consider the function f(x) = 3z with a = 5. Presumably, f should approach
the limit 15 near 5. That is, we ought to be able to get f(x) as close to 15 as we would like if we
require that = be sufficiently close to 5. To be specific, suppose we want to make sure that 3z is
within % of 15. This means that we want to have:

1 1
15— — 154+ —
5 10<395< 5+10

Which we can rewrite as

L
10 > 10

To do this, we require that
1 1
——<r-5< 5=
30 30

or simply
1

T =0 < —
o =5 < 55
There is nothing special about the number 11—0. It is just easy to guarantee that |3z — 15| < ﬁ;
simply require that |z—5| < ﬁ. In fact, if we take any positive number € we can make |3z —15| < €
simply by requiring that |z — 5| < €/3. There is also nothing special about our choice a = 5. It is
just as easy to see that f approaches the limit 3a at a for any a. That is, if we want to ensure that

|3z — 3a| < €, then we have to require that |z — a| < €/3.
Now, for the famous definition of the limit:

Definition: The function f approaches the limit [ near a means: for every € > 0 there is some
9 > 0 such that, for all x, if 0 < |z —a| < 6 then |f(z) — ] <e.
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Example 1: lim,_,5 3z = 15. Prove this using the definition above.

We know that in this case, a = 5 and [ = 15. We want to find a suitable ¢ value such that the
definition above holds true. Now, we know that |3z — 15| < € for every epsilon. This implies that
|z — 5| < €/3. Since 0 < |z — 5| < d, we can simply let § = ¢/3. What does this mean? It means
that for every value of € you throw at me I can just divide it by 3 to ensure that if |z — 5| < €/3
then |3z — 15| < e.

Example 2: lim,_,9 22 + 52 — 2 = 12. Prove this using the definition above.

We know that in this case, a = 2 and [ = 12. We want to find a suitable ¢ value such that the
definition above holds true. Now, we know that |22 +5x —2—12| < € for every epsilon. This implies
that |x 4 7||x — 2| < €, so that means |x — 2| < €¢/|x + 7|. Since we are talking about values of z
close to 2, this means that we can first restrict x such that it is at most 1 away from 2; meaning,

lt—2|<l=1<2<3=8<x+7<10
This means that the min value of €¢/|z + 7| using our restrictions above is €/10. This means that
lr — 2| <e€/lx+ 7] <e/10

So we have two restrictions: |x — 2| < 1 and |z — 2| < €¢/10. So that means we can simply let
d = min{l,€e/10}. Technically, to complete this proof, we need to use our choice of 4 to show that
the definition holds.
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7 Tuesday, November 7

7.1
7.2

Midterm Review

Visual Demonstration of Limits

https://www.youtube.com/watch?v=kfFA0MiS7zA

7.3

2016 Presidential Election: A Discussion

The 2016 election has a lot of implications. The election was won by Trump, as the Washing-

ton Post analyzed, by 107,000 voters voting for him across MI, PA, and WI. See: https://wuw.
washingtonpost.com/graphics/politics/2016-election/swing-state-margins/?tid=sm_f£b|This
is the same number of people that can fit inside the Big House.

However, one of the key implications it has is for the field of political methodology. What did
political methodology miss in this case? What does it say about the predictive power of big data?
What does it say about doing research using Facebook or Twitter, which are slowly becoming
common methods of political science research, especially with respect to machine learning.

But what are some moral implications of these polls? Did they affect voter turnout? What did
you think of Slate’s “Votecastr” application, which constantly updated results throughout the day?
Was this just a polling error that happened across the critical states?

Here are some major polls across the United States. Even Andrew Gelman didn’t get it right. Let’s
try to break these down a little bit:

http://projects.fivethirtyeight.com/2016-election-forecast/7ex_cid=rrpromo
http://www.nytimes.com/interactive/2016/upshot/presidential-polls-forecast.html
http://election.princeton.edu/2016/11/06/is-99-a-reasonable-probability/

http://www.slate.com/articles/news_and_politics/politics/2016/09/trump_vs_clinton_
who_s_winning_ today_s_forecasts_of_who_will_win_the_election.html

http://andrewgelman.com/2016/11/08/updating-forecast-election-night-r/

7.3.1 Correlated Errors

Correlated errors are bad. They will screw up the confidence intervals when you do regressions.
They will mess with predictive powers. However, they don’t mess with the point estimates. Many
people are blaming correlated errors for the major polling errors that occurred. Similarly, correlated
errors are what caused the financial crash of 2007 to happen—you should check out the movie or
book The Big Short if you're interested in this. Basically in 2007, the bankers all assumed that
the the chances of default rates were independent. That is, me defaulting on my house loan didn’t
affect the probability of you defaulting on your house loan. But that’s not true. They’re actually
correlated. Here’s a video explaining this: https://www.youtube.com/watch?v=3hG4X5iTK8M

So where did this all go wrong? We could argue that there were emotional voters. Answering
questions to a pollster is different than voting in a voting booth. We can imagine someone that
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https://www.youtube.com/watch?v=kfF40MiS7zA
https://www.washingtonpost.com/graphics/politics/2016-election/swing-state-margins/?tid=sm_fb
https://www.washingtonpost.com/graphics/politics/2016-election/swing-state-margins/?tid=sm_fb
http://projects.fivethirtyeight.com/2016-election-forecast/?ex_cid=rrpromo
http://www.nytimes.com/interactive/2016/upshot/presidential-polls-forecast.html
http://election.princeton.edu/2016/11/06/is-99-a-reasonable-probability/
http://www.slate.com/articles/news_and_politics/politics/2016/09/trump_vs_clinton_who_s_winning_today_s_forecasts_of_who_will_win_the_election.html
http://www.slate.com/articles/news_and_politics/politics/2016/09/trump_vs_clinton_who_s_winning_today_s_forecasts_of_who_will_win_the_election.html
http://andrewgelman.com/2016/11/08/updating-forecast-election-night-r/
https://www.youtube.com/watch?v=3hG4X5iTK8M

weakly answers Clinton in the polls but in the voting booth, in an emotional rage, cast their vote
for Trump. So if a small but consistent proportion of people vote this way, then this is a source of
correlated errors because no poll would be able to successfully predict this group of people. The
errors across the polls are correlated, and nobody sees it.

Depressed voters might also be a major problem. What this means is that there are voters that are
less than enthusiastic to vote. Even if they were intending to vote for Clinton, they might not have
made it out to the polls because they felt they had better things to do and that the polls already
had Clinton down as a certainty. Again, if a specific group of individuals do this this generates
correlated polling errors.

Let’s see how this works mathematically. Let’s use the example from Homework 2. Let the total
vote share be defined as

v(f,s) = k(f)*(s)' ™

where 0 < k,a < 1. Now, we know that f and s might be measured with some measurement
error. Let’s call these errors Af and As. Then, we want to determine the absolute uncertainty
of v, the vote share. Let’s assume that the errors are independent: that is, the error vectors are
orthogonal to each other. Then, this means that we can calculate the errors simply as follows, using

the Pythagoras theorem:
[Av]? = @Af 2+ @As 2
-~ |of 0s
Why is this the case? Let’s say we have a function f(x) and the measurement z, and there is

a measurement error Ax. Then, this forms the delta-bounds around z, with its corresponding
e-bands in the function f(x). Notice that the amount that Az changes relative to A f(z) is simply

Af(a) _ df(x)
Ax dx

Now, notice that we made the assumption that the errors are not correlated. If they were correlated,
that means the above measurement greatly increases. Imagine a 3-4-5 right triangle; then, redo
it with the angle between 3 and 4 being 120 degrees. This means that the new side is now
c? = a? +b% —2acCos(0), which means it is around a length of 6.08—an increase of more than 20%
in the correlated errors!
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8 Tuesday, November 14

8.1 Proofs Techniques

One book that really goes in-depth on this issue is How to Prove It: A Structured Approach by
Daniel J. Velleman. We’ll go through some basic terminology and techniques in proofs. Professor
Michael Hutchings, a mathematician at UC Berkeley, has also written a short guide on mathemat-
ical proofs: https://math.berkeley.edu/~hutching/teach/proofs.pdf.

8.1.1 Logical Operators
e Not

e And
e Or

o If...then

If and only if

8.1.2 Proof by Cases

This is pretty straightforward—discuss the various cases that exist and show that it is true for all
cases. Usually useful for a small number of cases.

Example: For every integer z, the integer z(x + 1) is even.
Proof: Let x be any integer. Then =z is either even or odd. This gives us two different cases.

e Case 1: suppose z is even. Choose an integer k such that x = 2k. Then z(z+1) = 2k(2k+1).
Let y = k(2k + 1); then this means that y is an integer and x(z + 1) = 2y which means that
z(z + 1) is even.

e Case 2: suppose z is odd. Choose an integer k such that z = 2k 4+ 1. Then z(z + 1) =
(2k +1)(2k +2). Let y = (2k + 1)(k + 1) so that means that z(z + 1) = 2y, so that means
z(z + 1) is even.

8.1.3 Proof by Contradiction

Suppose that we want to prove that the statement P is true. We begin by assuming that P is
false. We then try to deduce a contradiction, i.e. some statement ) which we know is false. If
we succeed, then our assumption that P is false must be wrong. So that means P must be true,
and we complete the proof. This technique is really useful when you're trying to show something
is uncountable, irrational, etc.

Example: Prove that V/2 is irrational.
Proof: Suppose that /2 is rational. That means we can write v/2 as:

a
2 ="
V2=

27


https://math.berkeley.edu/~hutching/teach/proofs.pdf

where p and ¢ are integers. Assume that p and ¢ have no common factors, because any common
factors can be canceled out. Squaring both sides, we get:

2

p
2="1_
e
which implies that
2¢* = p°

Thus, this means that p? is even. The only way that this is true is if p itself is even. But that
means that p? is actually divisible by 4, which means that ¢? and therefore ¢ must be even. So
that means p and ¢ are both even, but that means they have a common factor of 2; therefore, this
is a contradiction of our assumption that they had no common factors. Therefore, v/2 must be
irrational.

8.1.4 Proof by Induction

The logic is sort of similar to a row of falling dominoes. You first prove that the base case is true;
then, you show that if the n case is true then it must also be true for the n+ 1 case. This is similar
to dominoes because if it is true for the first case, and then you assume that it is true for the n
case and then you show that it is true for the n + 1 case, that means it must be true for the n + 2
case because you can just say that n—+2 = m which means it must be true for the m+1 = n+3 case.

Example: Show that 0+1+ 2+ ...+ n = w Proof: Base Case: n = 0, so that means
0(0 4+ 1)/2 = 0 which means it is true as expected.

Inductive Case: Assume that the base case 0+1+2+...4+n = n(”;l)
which means that we want to show that 0+1+24...4n+(n+1) = . But we know that

0O+1+4+...4+n= n(n;l) so that means that Ln;l) +(n+1) = n(n;l) +2nt2 — "2+g"+2 = (n+1)2(n+2).

So that means that we have proved that 0+1+2+ ...+ n = % is true.

is true. Now let’s check n+1,
(n+1)(n+2)
2

8.1.5 Without Loss of Generality

Often abbreviated WLOG. For instance, if a proof involves cases where b > 0 and b < 0 but both
have the same logic, you can just say assume without loss of generality that b > 0. Often used to
simplify computations. For instance, in many OLS proofs, the proof might say “assume, WLOG,
that £ = 0.” The mean of x might make computations more difficult, but you end up with the
same results.

8.2 Proof by Induction

The logic is sort of similar to a row of falling dominoes. You first prove that the base case is true;
then, you show that if the n case is true then it must also be true for the n+ 1 case. This is similar
to dominoes because if it is true for the first case, and then you assume that it is true for the n
case and then you show that it is true for the n 4+ 1 case, that means it must be true for the n + 2
case because you can just say that n+2 = m which means it must be true for the m+1 = n+3 case.

Example: Show that 0+ 1+ 2+ ... +n = % Proof: Base Case: n = 0, so that means
0(0 4+ 1)/2 = 0 which means it is true as expected.

Inductive Case: Assume that the base case 04+1+2+...4+n = 2D

2

is true. Now let’s check n+1,
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which means that we want to show that 0+1+24...4+n+(n+1) = ("H)QM But we know that

04+ 14...4+n = " o6 that means that 2D 4 (n+1) = n(n2+1) + 2”;2 = ”2+§"+2 = () (n+2)

2 2 2
So that means that we have proved that 0 +1+2+ ...+ n = "(nTH) is true.

8.3 Supremum and Infimum

Theorem: N is not bounded above.
Proof: Suppose that N were bounded above. Since N # (), this means that there would be a least
upper bound « for N. Then,

a>nforallnin N

Consequently, this means that
a>n-+1forallnin N

since n + 1 is in N if n is in N. But this means that
a—1>nforallnin N

and this means that o — 1 is also an upper bound for N, contradicting the fact that « is the least
upper bound.
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9 Tuesday, November 21

9.1 Example of a Lagrangian

We want to find the following
max f(z,y) = zy s.t. 22 +y> =1
First we rewrite the constraint 22 + y? = 1 in the form g(x,y) = 0, that is
By’ —1=0
Our Lagrangian function is thus:
L(z,y,\) =2y + Na? + 32 — 1)
Let’s find the critical points of the function £ for three variables.
Lr=y+2\z

Ly=1z+2)\y
Ly = 22 + y2 —1
Now, setting £, = L, = 0, we get:

y=—2\x
T = —2\y
And if x # 0 and y # 0,
Yo
—2z
I
y_=r
oy
22 = o2
which means that
T = *+y

which means that
2 2 2 2 1
'y ' =l=z"+z"=1=r=+—

V2
by symmetry,
1

V2

Notice that we assumed that z # 0 and y # 0 in order to divide z and y. But we actually have
to take those into account. Therefore, we also have to check (0,1) and (1,0) as possible points of
maxima. But notice that f(%, %) = and f(—\%, %) = —1 while f(1,0) =0 and f(0,1) = 0.
This means we know that (0,1) and (1,0) are not points of minima or maxima (but you have to
check them!!).

y==
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Now we need to check all possible combinations of x = i% and y = +—=. Notice that A depends

1
V2
on which combination we do. Let’s form the bordered Hessian.

0 2z 2y
B=|2x 2\ 1
2 1 2
Case 1: (%, %) In this case, A = —1.

0 V2 V2
B=1|v2 -1 1
V2 1 -1

We need to check n — k = 1 leading principal minors, such that r € {2k + 1, ...,k + n} = {3}. So
| B3| = 8; and since (—1)371(8) > 0 this means we are at a maximum! Notice that (—1)1(8) < 0
which means it is not a minimum.

Case 2: (—%,— L) In this case, A = —1.

S

0 —V2 —V2
B=|-v2 -1 1
-2 1 -1

Again, we need to check n — k = 1 leading principal minors. Again, determinant is 8. So we are a
max.

Case 3: (—%, %) In this case, A =

N[ =

So in this case determinant is -8. Notice that (—1)!(—8) > 0 which means it is a min.

Case 4: (- ,—%). In this case, A = 3.

S

Again determinant is -8 so by the same logic as above it is a min.

So now we found our max and min of this constrained optimization problem!
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10 Tuesday, November 28

10.1 Kuhn-Tucker Conditions: First Two Examples from Iain’s Notes

These two examples are from lain’s notes. We won’t go into the details of K-T conditions—they’re
pretty complicated and the math is pretty wild!

10.2 Snake-Fighting Example

Credits to Jason Davis for this example. Here is the link to the backstory if you're interested:
https://www.mcsweeneys.net/articles/faq-the-snake-fight-portion-of-your-thesis-defense.
Let’s say that you have 16 hours in your day. You can spend time on your thesis, which is z, and

you can spend your time on learning snake-fighting, which is ¢. Let’s say that as part of your
graduation requirements you have to practice fighting snakes at least one hour a day. You can
choose not to spend all 16 hours on these two activities. Let U be your utility function:

U(x,t) = 12¢/x + 3t

So now let’s maximize our utility function given the constraints = + ¢ < 16 and ¢ > 1. This means
that our Lagrangian will be as follows:

L(x,t) =12y + 3t + M (16 —x —t) + Xo(t — 1)

Then we find our first-order conditions:

8£_ _1/2 _
8w—6$ )\1—0
%23—)\14-)\2:0
oy

So there are 6 Kuhn-Tucker conditions:
16—2—t>0,A\ >0,\(16 —x—1)=0

t—1>0,X>0,M(t—1)=0

So now let’s solve the four equations for four unknowns. Let’s assume first that ¢ = 1. Then that
means Aj(15 —z) = 0. This implies that = could be either x =15 or z = 0. If x =0, then A\ =0
and that means Ao = —3, which violates one of our K-T conditions. If z = 15, then Ay &~ 1.5, which
means that Ay &~ —1.5 which is a contradiction to our K-T conditions. So that means that ¢ # 1.

This means that we can assume that ¢t > 1 and Ay = 0. That means A\; = 3 which means that x = 4
and t = 12. Sot = 12 and = 4 is our max. We can see that our K-T conditions are satsified.
Now, let’s look at the SOC. Remember, we only have to include the constraints that were binding!
Notice that because Ay = 0 this meant that the ¢ > 1 constraint was not binding.

0 -1 -1 0 -1 -1
B=|-1 -32732 0|=|-1 =037 0
-1 0 0 -1 0 0

There are n = 2 variables and 1 binding constraint, which means that we need to check the final
leading principal minor of the bordered Hessian; r = 3. The determinant of the last leading
principal minor is 0.375. Since (—1)371(0.375) > 0 this means we are at a maximum. Hooray!
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11 Tuesday, December 5

11.1 Implicit Functions and Differentiation of Implicit Functions

Implicit differentiation is nothing more than a special case of the chain rule. The usual differenti-
ation problem involves functions y written explicitly as functions of . So let’s do an example.

11.1.1 Implicit Functions: Example 1

Assume that y is a function of z. That is, we can imagine y being y(x). Find ¢y = dy/dx =
22 + 93 = 4. Differentiating both sides, we get

D(«®) + D(y*) = D(4)

dx dy
32— + 3y* = =
mcl:L‘jL ydx

Solving for dy/dx we get (notice that we have a dx/dx in the first time but that equals 1).

0

dy __a?

dx Y

11.1.2 Implicit Functions: Example 2

The graph of 22 — zy + y? = 3 is a “tilted” ellipse, which looks as follows below. Among all the
points (z,y) on this graph, find the largest and smallest values of y. Among all the points (z,y)
on the graph, find the largest and smallest values of x.

It is easy to see where the extreme values of x and y are located. Again, we treat y ias a function
of z (so we can think of y being y(x)). The extreme values of = are located at the edges (where
the derivative of y does not exist) and the extreme values of y are also located at the edges (where
the derivate of y is 0). Begin by taking the derivatives of both sides:

D(z* —zy +y°) = D(3)
d d
23:—(:c—y+y)+2y—y =0
dzx T

Solving for % .
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d d
2 + 2y—y =-2z+vy
dx x

dy y—2x

de 2y —=x

So to find the max values of y, we just take what we found above and set it equal to 0. Notice
that this is the case when y — 2z = 0 which implies that y = 2x. Substituting this into the original
equation, we get:

22 —x(2r)+ (22)  =3=22 -2 + 42? =32 =3 = 2 = +1
So this mean that the max point occurs at (1,2) while the minimum point occurs at (—1, —2).

Now we find the max values of . When does this occur? This occurs when the derivative of y,
dy/dx does not exist. So that means 2y — x = 0 which means thatx = 2y. Plugging this into our
original equation, we get:

(2y)2—2y2—|—y2:3é3y2:3:>y2:1éy:j:1

So the max value of x occurs at (2,1) and the min value of = occurs at (-2, —1).

11.1.3 Implicit Functions: Example 3

Assume that the supply and demand functions for a single commodity are:
Q=S(PT)

Q=D(PY)

where Y is income, T is tax of the commodity, and P is the price. We do not assume any functional
forms; however, we do assume that supply increases with price and decreases with tax, while the
demand decreases with price and increases with income. So formally, assume that

Sp:215;>0
ST:g;S:<0
Dp:gl]z<0
Dy:g—?>0

At the equilibrium stage, we know that supply and demand are equal to each other. So that means
0= S(P,T)— D(P,Y). The derivative of the right-hand side with respect to price is:

Sp—Dp >0

Because Dp < 0 and Sp > 0. We can see that the above equation determines the price P as a
function of income Y and T'. Then, taking total derivatives with respect to Y, we get:

opP oP
O:SPaiy‘FDPaiY—DY
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And if we take the total derivative with respect to T', we get:

=502 5y,

So that means, rearranging things around,

(Sp — Dp)gfi _py
And also: 5P

(Sp — Dp)a—T =57
So that means op Dy

v 5p_Dp >0
And op s,

T = Sp_Dp >0

Thus, the price increases with both an increase in income and tax.
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12 Tuesday, December 12

This is the last section! Woohoo!
Today, we’ll be going over Sperner’s Lemma, which is the combinatorial analog for Brouwer’s fixed-
point theorem. It’s essentially a geometric look at Brouwer’s fixed-point theorem, and shows us the

cool things we can do with the fixed-point theorem, which includes solving some real world problems.

Theorem: Sperner’s Lemma. Every Sperner coloring or Sperner labeling of a triangulation of an
n-dimensional simplex contains a cell colored with a complete set of colors.
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